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. Abstract 

QJ , We study in one-loop perturbation theory noncommutative fuzzy quenched QED4. We 

I write down the effective action on fuzzy x and show the existence of a gauge-invariant 

' UV-IR mixing in the model in the large planar limit. We also give a derivation of the 

^ ■ beta function and comment on the limit of large mass of the normal scalar fields. We also 

■ discuss topology change in this 4 fuzzy dimensions arising from the interaction of fields ( 

matrices ) with spacetime through its noncommutativity. 

The principal motivation behind noncommutative fuzzy physics [1-4] is the construction of 
a new nonperturbative method for gauge theories ( commutative and noncommutative ) based 
on the fuzzy sphere and its cartesian products. The actions we obtain on are essentially 
finite dimensional matrix models. The noncommutative Moyal-Weyl spaces are also matrix 
models not continuum manifolds. They only act on infinite dimensional Hilbert spaces and 
thus we can use the fuzzy sphere and its cartesian products as finite dimensional regularizations 
of these spaces. The limit — >oo is the limit of the continuum sphere. The double scaling 
noncommutative planar limit of large R ( radius of the sphere ) and large keeping R'^/N 
fixed equal to 6'^ is the limit of the noncommutative plane. 
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In this article we will illustrate this approach by reviewing the example of noncommuta- 
tive fuzzy quenched QED2 in which the fuzzy sphere [6] is the underlying regulator. Then 
we will generalize the results to the 4— dimensional case where the underlying space is fuzzy 

X [5]. Perturbation theory on fuzzy x can be found in the first reference of [13]. 
Quantum fuzzy fermions will be discussed elsewhere [11]. The theories we get by including 
fermions are the noncommutative fuzzy Schwinger model and noncommutative fuzzy QED4. 
For noncommutative Moyal-Weyl QED see [29-32]. Fuzzy QED as opposed to Moyal-Weyl 
QED is fully 5*0(4)— invariant and fully finite. 

An alternative way of regularizing gauge theories on the Moyal-Weyl noncommutative space 
is based on the matrix model formulation of the twisted Eguchi-Kawai model [25] . For example 
a non-perturbative study of pure two dimensional noncommutative gauge theory was performed 
in [26]. 

However the advantage of the fuzzy regulator compared to the Eguchi-Kawai models and/or 
to ordinary lattice prescriptions is that discretization by quantization which leads to non- 
commutative fuzzy spaces is remarkably successful in preserving symmetries and topological 
features [27,28]. Most important of all are topological quantities, chiral fermions and super- 
symmetries which can be formulated in a rigorous way on fuzzy spaces [1-4]. 

The plan of the paper is as follows. 
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1 Noncommutative fuzzy quenched QED2 

Let us review noncommutative fuzzy quenched QED2. 



2 



Noncommutative U{n) gauge theory in two dimensions on the fuzzy sphere S|_,_^ can be 
given in terms of three N x N matrices Xa ( = n{L + 1) ) through the pure 3— matrix model 
action ( with 2 parameters a and m ) 



^Tr[Xa,X,]^ + '^e.bcTrXaX.X, 



Nm'a^TrXl + '^TriX^f. ill] 

2C2 " 



This action is invariant under 1) U{N) unitary transformations and 2) SU{2) rotations. The 
classical absolute minimum of the model is given by the fuzzy sphere configurations [6] 



Xa = aLa^lr 
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La are the generators of spin ^ IRR of SU{2) which satisfy [La^L^^ = ieabcLc , C2 = J2a^a 
^(■| + 1). The coordinates on the fuzzy sphere S| , ^ are defined by 



;i.3) 



Expanding the action (II. ip around this solution by writing Xa = aRDa yields U{n) gauge 
theory on the fuzzy sphere which is given by 



S 



L,R 



Ag^N 



R 



eahr-Tr 



2m2i?2 



+ 



(1.4) 



In above Da = j^La + Aa, Fab = 'i[Da,Db] + ^^abcDc and $ is the covariant scalar field $ = 
-;^{xaAa + AaXa) + whcrc R is the radius of the sphere and g"^ = l/{N'^R^a^) has now 
the dimension of (lenght)"^. The limit m — >oo means that the normal component of Aa ( i.e 
$ = AaUa ) is 0. 

The other limit of interest is a double scaling noncommutative planar limit of large R and 
large L taken together restricting the theory in a covariant way around the north pole and 
keeping i^^/y^g fixed equal 9"^. The action (11. 4p ( with m = ^ ) is seen to tend to the 
action [7] 



So 



Here Di = j^Xi + Ai, D3 = § where Da = Da, Aa = Aa and 
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pi, Xj\ 



i9'^€ij , X^ — R , Xa — RXa- 



1.5) 



1.6) 



In two dimensions the action (ll.Sp is the infinite dimensional matrix model describing U{n) 
gauge theory on the noncommutative Moyal-Weyl plane [8]. In this case the trace Tr is an 
infinite dimensional trace. 



^The terms which are proportional to are not needed in this hmit. 
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The action (11. 4p with the Chern-Simons-hke term and with m = is precisely what we 
obtain in the zero-slope limit of the theory of open strings moving in a curved background with 

metric in the presence of a non-zero NS B-field [9]. The action ( ll.Sp is obtained on the other 
hand when open strings are moving in a flat background [10]. 

As it turns out the path integrals of U{n) models on the fuzzy sphere S|_,_]^ given by (11.11) 
are in one-to-one correspondence with the path integrals of U{1) models on the fuzzy spheres 

with = n{L + 1) and thus it is enough to consider only the U{1) case [11]. These U{1) 
theories are given by the matrix models (11.11) or the noncommutative gauge actions (11.41) with 

= L + 1. In the remainder of this introduction we will discuss the quantum U{1) gauge 
theory on the fuzzy sphere S^. In perturbation theory the quadratic effective action for the 
f/(l) theory on given by (11.41) with the value m = is found in the continuum limit A^ — >oo 
to be given ( modulo scalar-type terms ) by [12] 

^'"1 = 4?/ + '"''Zt)^',. - J^i'-/ + V|f)A. + .... (1.7) 

£^ is the Laplacian on the commutative sphere £^ = Ca = —i^abcnbdc- The operator A3 is a 
function of the Laplacian which is defined by its eigenvalues on the spherical harmonics Ypm 
given by ^z{p) = Yln=2 V""- The 1 in l + 4g'^A-^/C^ corresponds to the classical action whereas 
A^/C"^ is the quantum correction. This provides a non-local renormalization of the inverse 
coupling constant We have thus established the existence of a gauge-invariant UV-IR 

mixing problem in f/(l) gauge theory on the fuzzy sphere for m = 0. Indeed we can immediately 
see that in the planar limit the eigenvalues of A^/C^ behave as log p/p"^ which show a typical 
singularity at zero momentum associated with the usual UV-IR mixing phenomena [13]. In this 
planar limit we can also show that this singularity at p — >0 is equivalent to a singularity at 
6 — >0 in accordance with [14]. 

The same result will hold for generic values of the parameter m. However we can show 
that this UV-IR mixing problem is due to the scalar sector of the model in the following sense. 
If we decide to quantize the model (II. 4p and then take the limit m — >oo and then the limit 
A^ — ^(X) then one finds that the effective action of the two-dimensional gauge field will be given 
essentially by the classical action and hence there will be no UV-IR mixing phenomena. In 
other words the fuzzy model in this limit is just a fully finite and fully symmetric truncation 
of the continuum. This complete regularization of the UV-IR mixing through taking a double 
scaling limit in this particular way happens only in 2 dimensions with gauge fields [12]. The 
origin of the UV-IR mixing in this case seems to lie in the coupling of the 2 dimensional 
gauge field to the extra mode present in the model which is the normal scalar component $ of 
Aa- This coupling is however unavoidable because the differential calculus on the fuzzy sphere 
is intrinsically 3— dimensional. The limit m — >oo kills this mode in a covariant way. This 
perturbative result seems also to be consistent with the 1/A^ expansion of [15] but not with the 
full non-perturbative study done using numerical Monte Carlo simulation in [16]. So clearly 
this perturbative picture is not the full story. 
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A more ( almost non-perturbative ) direct check for the UV-IR mixing in this theory can be 
given in terms of the effective potential The quantum minimum is found by considering the 
configurations 



'a 



(1.8) 



where the order parameter a(j) plays the role of the radius of the sphere. For small values of 



The equation of motion dVes/d(f) = admits two real solutions where we can identify the one 
with the least energy with the actual radius of the sphere. However this is only true up to a 
certain value a^, of the coupling constant a where no real solution will exist and as a consequence 
the fuzzy sphere solution Xa = (y(j)La will not exist. In other words the potential Ves below the 
value a* becomes unbounded and the fuzzy sphere collapses. The critical values can be easily 
computed and one finds by extrapolating to large masses = 1/^2 and 



In other words the phase transition happens each time at a smaller value of the coupling 
constant a and thus the fuzzy sphere is more stable. The critical value a^, separates the "fuzzy 
sphere phase" where we have a f/(l) gauge theory on the fuzzy sphere from the "matrix 
phase" where this picture breakes down completely. 

The UV-IR mixing is seen at this non-perturbative level as a transition between completely 
different phases of the theory. Indeed by crossing to the matrix phase the radius of the sphere 
goes to zero and hence the noncommutativity parameter which is proportional to R in the 
planar limit will also go to zero. This is the singlar limit of the UV-IR mixing discussed above. 
The fact that ( ll.lOp approaches zero when m — >oo means that reaching zero radius becomes 
more difficult as we increase m and as a consequence the singular limit 6 — >0 becomes also 
harder to reach ( i.e smooth ) for these large values of m. Thus from one hand the fuzzy sphere 
is becoming more stable and the matrix phase is shrinking while from the other hand the UV-IR 
mixing is becoming vansihingly small as m — >oo which is our main observation that the two 
effects must be related at least in this case. 

The perturbative UV-IR mixing is a typical property of quantum field theories on non- 
commutative spaces which derives from the noncommutativity with no commutative ana- 
logue [8,14,17]. At the non-perturbative level this mixing may be related to topology change. 
In this case the 2 dimensional spacetime ( the fuzzy sphere ) collapses onto a point ( the matrix 
phase ) under quantum effects. The UV-IR mixing in this picture is ( possibly ) a reflection of 
the fact that spacetime itself may evaporates when quantum fluctuations of flelds are taken into 




(1.9) 
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consideration in the presence of a non-zero noncommutativity. The noncommutativity some- 
how made it possible that fields and spacetime talk to each other in the same way that gravity 
does. A very concrete way in implementing this scenario are the matrix models (II .ip and their 
generalization to other fuzzy spaces such as fuzzy CP^ [11]. See [18] for other discussions of 
fuzzy CP^, [19] for higher fuzzy CP" and [20] for fuzzy S^. We believe that most fuzzy spaces 
will have topology change in the same way that most noncommutative Moyal-Weyl spaces will 
have UV-IR mixing. 

However the action (11.11) does not know a priori about all the above perturbative and semi- 
non-perturbative statements which rely on our choice of the vacuum (11. 2p and on the different 
scaling limits considered. So the nonperturbative behaviour of the model for small values of a 
( or equivalently large values of 5^ ) is not obvious. A fully nonperturbative study of the f/(l) 
model is done by using Monte Carlo simulations with the Metropolis algorithm and the action 
(II. ip in [16]. In particular we compute the phase diagram of the model. In [21] the study was 
done for m = 0. 

There are three different phases of f/(l) gauge theory on S^. In the "matrix phase" the 
fuzzy sphere vacuum (11.21) collapses under quantum fluctuations and there is no underlying 
sphere in the continuum large limit or underlying Moyal-Weyl plane in the noncommutative 
planar limit. This is expected from perturbation theory and the effective potential calculation. 
In this phase we have instead a U{N) theory on a point. 

The other phase is the "fuzzy sphere phase" where (11.20 is stable. We observe that the fuzzy 
sphere phase splits into two distinct regions corresponding to the weak and strong coupling 
phases of the gauge fleld. These are separated by a third order phase transition which is 
consistent with that of a one-plaquette model [11,22]. This was not detected in perturbation 
theory. The gauge field in this phase ( in particular across the critical line and inside the 
strong coupling phase ) behaves as if it is a large U{N) commutative gauge theory on a lattice. 
Although classically and in the very weak coupling phase the model is a U{1) on S^. This 
U{N) behaviour in the limit is consistent with the fact that we have U{N) in the matrix phase. 
So the effect of the matrix phase on the structure of the gauge group survives even after we 
cross to the fuzzy sphere phase. However in the light of the above perturbative calculations 
there is still a possibility that the model (II. ip with m fixed to some power of A^ ( so it is not 
a free parameter anymore) will not show this one-plaquette critical line [11]. This is also the 
expectation of [15]. 

2 Classical considerations on fuzzy x 

f/(l) gauge field on fuzzy S^xS^ is associated with a set of six hermitian {L + 1)^ x (L+ 1)^ 
matrices Dab {Dab = ~Dba, A,B = 1,4) which transform homogeneously under the action 
of the group, i.e 

Dab^UDabU-\ UeU{{L + iy). (2.1) 
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The action is given by (with Tr^ = jj^^-^Tr, TrLl(L+i)'2 = {L + 1)^, g is the gauge couphng 
constant and m is the mass of the normal components of the gauge field ) 



1 f 1 i 
S = <.--TrL[DAB, Dcof + -^fABCDEFTrL[DAB, Dcd]Def 

2 2 
+ YYr^TTL{D\j, - L\sf + TvLieABCDDABDcD?. (2.2) 

^9 J^AB '^'^9 ^AB 

In the above action Jabcdef are the structure constants of the Lie algebra so(4). Indeed the 
generators Lab ( with Lab = —Lb a ) satisfy the commutation relations 

[Lab, Lcd] = ifABCDEpLEF = [ SbcLad — SbdLac + SadLbc ~ SacLbd 

i 
2 



- ( ^daLcb — ^dbLca + ^cbLda — ^caLdb ) • (2.3) 



The equations of motion are given by 

i[DcD, Fab,cd] + -^{Dab, $1 + $2} + -^{eABcnDcD, $1 - $2} = 0. (2.4) 

In above the SU{2) Casimir C2 is given by C2 = |^(-| + 1). As we will show Fab,cd = 
{[Dab, L>cd] + fABCDEFL>EF is the curvature of the gauge field on fuzzy x whereas 
$1 and $2 (defined by - L% = 8yc^($i + $2) and eABCoDABDcD = 16^($i - $2)) 
are the normal components of the gauge field on x S^. 

The most obvious non-trivial solution of the equations of motion must satisfy Fab,cd = 0, 
= L\^ and eABCuDABDcD = (or equivalently Fab = 0, $j = 0). This solution is clearly 
given by the generators Lab of the irreducible representation (-1, -1) of S'O (4), viz 

Dab = Lab. (2.5) 

By expanding Dab around this vacuum as Dab = Lab + ^ab and substituting back into the 
action fl2.2p we obtain a U{1) gauge field Aab on S|xS|. The matrices Dab are thus the 
covariant derivatives on S|xS|. The curvature Fab,cd in terms of Aab takes the usual form 
Fab,cd = iCabAcd - iCcdAab + IabcdefAef + iIAab^Acd]- The normal scalar fields in 
terms of Aab are on the other hand given by 8^/c^($i + $2) = LabAab + AabLab + A\^ and 
16^($i - $2) = eABCD{LABAcD + AabLcd + AabAcd)- 

The true gauge field on fuzzy x must in fact be 4— dimensional ( as opposed to Aab 
which is 6— dimensional ) and hence the extra two components considered in this description 
are scalar fields which are the normal components of Aab on x S^. In the fuzzy setting there 
is no known covariant splitting of Aab into a 4— dimensional tangent gauge field and the above 
normal components . 
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In order to discuss the continuum limit of the action (12.21) we introduce the matrices D, 



(1) 

a 



L^^ + A^^ and D^^^ 



L^a^ + A^a^ defined by 



:^abcDbc + DaA 



be 



D. 



a4 



(2.6) 



Clearly D^'^ i^a'^) and d'^^ i^a'^) are the components of Dab {Aab) on the two spheres 
respectively. The curvature becomes F^^f^ = iC^J^A^^^ - iC^A^^'' + bi^eabcA^ + i\A^!i^ ,Af\ 
whereas the normal scalar fields become 2y^$j = {Da^Y — C2 = La^Aa^ + Aa^La^ + {Aa^y. 
In terms of this three dimensional notation the action (12. 2p reads 



5(1,2) 



(2.7) 



5**^^^ and 5'*^^^ are the actions for the U{1) gauge fields A^a^ and A^a^ on a single fuzzy sphere 
They are given by 



L- 



ab 



2g^ 
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It is immediately clear that in the continuum limit L — ^oo the action (12.71) describes the 
interaction of a genuine 4— d gauge field with the normal scalar fields $j = n^a A^a^ where ni*'* is 
the unit normal vector to the z-th sphere. Let us also remark that in this limit the 3— dimensional 
fields A^a^ decompose as A^^ = (^i*^)^ + n'^J^^i where (^i'^)^ are the tangent 2— dimensional 
gauge fields. Since the differential calculus on x is intrinsically 6— dimensional we can not 
decompose the fuzzy gauge field in a similar (gauge-covariant) fashion and as a consequence we 
can not write an action on the fuzzy x which will only involve the desired 4— dimensional 
gauge field. 



3 Note on Monte Carlo simulations and matrix models 



Before we proceed to the one-loop quantum theory let us say few words about Monte Carlo 
simulations of the above model. The action S^^^ on the first sphere can be put in the form 



^(1) 



-NmWTrXl+'-^Tr{Xlf. {?,.!] 

/C2 



The action S**^^-* on the second sphere is similarly given by 

^(2) = N 



- Nm'a'Tr-Y: + '-^TriY^f. (3.2) 
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Now N ={L + 1)2, Xa 



a /N = l/{Ng ). The coupling between 



the two spheres is given by the action 



Sim = --Tr[Xa,Y,]'. 



(3.3) 



The action which will be relevant for the numerical simulation is the matrix model given by 
the sum S« + + [11]. 

To study the noncommutative planar limit we should instead consider the following action 
on the first sphere [11] 



NTr 



Nm^a^TrXl + — — Tr{Xlf. 



2C2 



(3.4) 



In above X„ 



l/{N'^R^a^) and m = with some power p. The first term is the 
action (11 ■4p without the Chern-Simons-like terms and without the mass term whereas the second 
term implements in the limit the constraint D3 = R/O"^ which means that we are restricted to 
the north pole in a covariant way. This action is gauge invariant but not rotationally invariant. 
For the seond sphere we should write a similar action whereas the coupling between the two 
spheres remains unchanged. 



4 The one-loop quantum effective action 

The partition function of the theory depends on 3 parameters, the Yang-Mills coupling 
constant (7, the mass m of the normal scalar fields, and the size L of the matrices. Using the 
background field method we obtain the one-loop effective action 

r [Dab] = S [Dab] + h'r^TRlog^ABCD - TR\ogV%. (4.1) 



^ABCD is defined by 

^ABCD = -1^EF^AB,CD ^ ( ^ ~ 7 ) T^AbT^CD — '^i^ABCD + Y2~^ABCD^ (4-2) 
^ \ W ^AB 

where 5ab,cd = ^ac^bd - Sad^bc, and 

^ABCD — i^EF ~ L\p)5aB,CD + -^{^EFGhD efDgh)^ABCD 

-VabVcd - VabVcd + ^DabDcd + ADabDcd- (4.3) 

The notation T>ab and Tabcd means that the covariant derivative Dab and the curvature 
Fabcd act by commutators, i.e Vab{M) = [Dab,M], Tabcd{M) = [Fabcd,M] where M is 
an element of Mat(i_|_i)2. We have also introduced the notation Dab = \^abcdDcd- TR is the 
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trace over the 4 indices corresponding to the left and right actions of operators on matrices. 
Trg is the trace associated with the action of SU{2)xSU{2). 

In the remainder of this letter we will use mainly three dimensional indices. The effective 
action simplifies considerably in the Feynman gauge ^ = 1 and for m = 0. We can compute 

^-Tr.TRhgn^scD = |rfX(^)e-^^^^^^'^iV^^^' 

^^(2)g-4Tr(x(2)-8iX(i).F(i2)n(2)-i)^n;^2(,)(x(2)-8in(2)-i.F(2i)x(i))^ (4 4) 

where = V\^6^, - 8^^«, Q^''^ = 64^(i2)^(2)-i_^(2i) ^ .[/^W^/^W] + 

= i[D!^\ dI^'^]. In above we have also used the identity XabOYab = 4Xi^^OFi^^ + 
AXi^^OY^ andthe identity fABCDEpTrXABYcDZEF = lQeabcTrXi'\^'^ Z^'hlQtabcTrXi^^Y^^h 
Hence by using the three dimensional notation the effective action takes the form 



T{D) = S{D) + ^Tr.TRlog (fi^ + ^if ) + ^Tr^TRlogQ^,^ - TR\ogV%. (4.5) 

The quadratic effective action is obtained by keeping powers up to 2 in the gauge field. We 
obtain the action 

= r?) + rf + r^^) (4.6) 

where 

r« = 5(n2Ti?l(4^U» + 4^)/:« + (4^))^) 

(4.7) 

The Laplacian A is defined by 

A = (4^))' + {C^^^r. (4.8) 

As before Ca^ and .4a "* act by commutators [La \ ..] and [Aa \ ..] and La"* and Aa^ are defined in 
terms of Lab and A^i^ respectively by equations similar to (12.61) . Furthermore and 5*2^'^^ 
are the quadratic parts of the classical actions S^^^ and S^^''^^ respectively. 
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In the following we will consider without any loss of generality the background configuration 
in which = 0. In other words we will study the background matrices 

D^ = i^' + ^' . D^' = i^- (4.9) 

If it can be shown that there exists a UV-IR mixing phenomena in this case then we should 
conclude immediately that there must exist a UV-IR mixing phenomena in the general case 
since extension to the case Aa is rather straightforward and trivial. The effective action 
reads for this configuration 



a "^a ' "^a a j a I " 1 1 d I ^ ah ^ ab y\ gfe ^ afc ' 

(4.10) 

Remark in particular that f'^^ — —i[Lf \ A^a^]. Any function on fuzzy S^xS^ can be expanded 
in terms of the basis 



Yim are the standard SU (2) polarization tensor [23] . For example the gauge field A'^a^ is ex- 
panded as 

A^a^ = Mhmi,l2m2)yi,mvMm2- (4.12) 

hmi,l2m2 

The 2-point Green's function is given by 

-I N AB,CD -, (<) \AB(<)+ \DC 

V "(i^k,^, Mh + D + hih + i)] > 

In this formula the A,B,C and D are matrix indices ( and not 5*0(4) indices ) so they run over 
the range 1, (L -|- 1)^. 

The Tadpole contribution is given by 



V / r„, ;„, 



, , Il{ll + l) + l2{l2 + l) 

= -4 ^ A'^^\kini,k2n2ha{hni,k2n2), (4.14) 

kini,k2n2 
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where 

/, , N Tr^lLa ! 3^;jm^:/2m2] [^*''l"i;'=2n2) 3^hmi;i2m2] /. ^ _s 

7.ftn,.*,n,)= X: Mii + l) + bfe+l) ■ ' 

(imi,(2m2 

A short calculation ( see the appendix ) yields the result 

2Ti?l(/:W4i)+4i)/:«) = 8c,V^,Tr,^,-Ac,Tr,{Ai'^r- (4-16) 



A 

In above C2 is given by 

= i(rT2) gg, + + + ^ <^-'^) 

or equivalently C2 = = + 2L + 2. 

The vacuum polarization diagrams are also computed in the appendix. Let us summarize 
the results. The 4— vertex contribution is 

^ ' hmi, 121712 

This can be computed quite easily and one finds the result 

2ri?^(4'^y = Tr,A(^'>0,{A„A,)A(^\ (4.19) 

Clearly Ai = and A2 = {di^'Y are the Laplacians on the two spheres separately. 

The opeartor O4 is defined by its eigenvalues Oi{pi,p2) ( given in equation flA.16|) ) on its 
eigenvectors ypisi;p2S2- 

Similarly the F— vertex contribution can be computed and one finds 



= -Tr,Fi;)(9^(Ai,A2)Fi;\ (4.20) 



'A A" 

The opeartor Op is defined by the eigenvalues Of{pi,P2) ( given in equation (1A.22I) ) on the 
eigenvectors ypisr,P2S2- By analogy we will have 



-2Ti?ij-i;')ij-if) = -2rr^F:rO^(Ai,A2)F,, 
Finally we need to compute the 3— vertex correction 



(4.21) 



TR^ + i (4^)4^) + 4^)£«) (4.22) 
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This is by far the most difficult calculation. In the last part of the appendix we find that this 
correction gives two different contribution to the effective action. The most important is a 
canonical gauge contribution of the form 

Tr^rW A«03(Ai, Aa)/:!')^'^ (4.23) 

As before the operator Os{Ai, A2) is defined by its eigenvalues 03(^1, P2) ( given in equation 
( 1X351) ) on its eigenvectors 3^pisi;p2S2- 

The other contribution in the 3— vertex correction (14.221) is of scalar-type ( in other words 
it involves anticommutators between Aa and La instead of commutators ) and it was studied 
in detail in [12]. See also the appendix. 

Putting all the above results together we obtain ( modulo scalar-type terms ) the full effective 
quadratic action in the form 

+ TriA«[04-4c2]A«. (4.24) 
We use the identity 

Trz./:«A«03/:i^)4'^ = ^Tr,Fi;)03Fi;^ - ie,,eTr^Fi;)03A« - Tr,A^:^OsA,Ai^25) 
Hence 

- 2TrLF^'^OpF^'^ + Tr^A^^^ [O, - O^A, - Ac,] (4.26) 
The eigenvalues of the operators 0^,0^ and Op are given from the results of the appendix by 



^ f-^ ki{ki + 1) + fc2(K2 + 1) h{li + 1) + h{h + 1) 



-R+P1+P21 



k\,k2 h,l2 

Xi{kik2hl2; P1P2) (4.27) 



}2 

J P2 h h 

\ L L L 

^2 2 2 



where 



A;i(A;i + l)(/i(/i + l)-fci(fci + l)) 



X3{kik2hl2;PlP2) = 2/ , i\9 

pUPi + 1)2 

X4{kik2hl2;PiP2) = ki{ki + 1) + k2{k2 + I) 

XF{kik2lih]PiP2) = ^- (4.28) 

In the loop integrals Oi the 1 in 1 — (— 1)^+pi+P2 corresponds to planar diagrams while the 
(^_l"jR+pi+P2 corresponds to non-planar diagrams as we will explain below. The quantum num- 
ber R ( not to be confused with the radius of the sphere ) is given by i? = ki + k2 + h + h- 
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The pair (^1,^2) represents the external momentum. The pairs {ki,k2) and {hjh) represent 
internal momenta. The factors 2j + 1 give the volume forms ( similar to dp on the plane ) 
whereas l/(ji(ji + 1) + j2(j2 + 1)) give propagators similar to on the 4— dimensional R"^. 
The 6j symbols encode energy conservation rules. The complicated interactions of the fuzzy 
photon are reflected in the 6j symbols and the coefficients Xi. 



5 The UV-IR mixing in the planar hmit x 

The analysis of the quadratic effective action fl4.26p ( or equivalently the analysis of the loop 
"integrals" Oi ) in the fuzzy finite setting as well as in the large = L + 1 continuum limit 
of ordinary x is very complicated. The main difficulty is that we are always ( at every 
step while we take this particular limit ) dealing with highly non-trivial sums. Furthermore 
the last term in fl4.26p is not manifestly gauge covariant and as a consequence it will not be 

gauge invariant in the large N limit unless it vanishes. The non-covariance of the terms which 

(12) 

depend on F^^^ is on the other hand only due to our choice of background gauge field given 

in fl4.9p . Thus gauge covariance can be easily restored in these terms by considering general 

(2) 

gauge configurations with non-zero Aa . 

The situation is much simpler in the case of one single fuzzy sphere where a delicate can- 
cellation between O4 and O3A1 existed and hence we were able to maintain gauge covariance 
already in the fuzzy setting. 

As it turns out we can show in a straightforward way the existence of a canellation between 
O4 and O3A1 on fuzzy x if we consider a different large N limit of the field theory. As 
opposed to the large A^ "continuum limit" of commutative x we consider instead the large 
A^ "noncommutative planar limit" of x Rg with strong noncommutativity 6. In the first 
stage of this limit sums over the second fuzzy sphere can be converted into integrals over the 
noncommutative plane which are easier for analysis in many cases. Strong noncommutativity 
is crucial since it allows us to freez out all degrees of freedom on the second fuzzy sphere except 
the zero mode. At the end we will take the continuum limit of the first sphere then the usual 
flattening limit to obtain ordinary R^. 

Thus in taking this planar limit we will treat the two spheres differently. Sums over k2 and I2 
( the second sphere ) will be converted into integrals using the planar limit and then calculated 
whereas sums over ki and /i ( the first sphere ) will be computed first in closed forms ( because 
it is possible to do that in most cases ) then we take the continuum and fiattening limits. 

From the expressions fl4.26p . fl4.27p and (14.280 we can see that the dependence of Oi{pi,p2) — 
^3(^1,^2)^1(^1 + 1) on the second sphere is given by the double sum 



(2fc2 + 1) (2^2 + l^_.. ,.K+p.+p.J P2 k2 h 



^^^'^''^'^'^ £^ k,{k, + 1) + k2{k2 + 1) /l(/l + 1) + + 1) 



L L L 
2 2 2 



X x{kik2hl2]PlP2) 
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where 



[k2{k2 + 1) - kik + l)][^l(^l + 1) - h{h + 1)] 

2pi(pi + 1) 

Indeed the difference C4(pi,P2) — C'3(pi,p2)Pi(]?i + 1) reads expUcitly 



(5.2) 



04p,,P2) - Os{puP2)pi{pi + 1) = 4(L + 1)^ 5^(2^1 + l)(2/i + 1) I ^2 I HhluPm) 

ki,ll 2 2 2 J 

(5 



In the planar limit we take N — xyo and R — >c>o ( where R is the radius of the spheres ) such 
that 9' — 9/L — R^/LN ( the noncommutativity parameter ) is kept fixed. Then we will take 
the limit 9' — oo. Hence since is very large we can replace / by the expression 



\2 



l{k,k,p,p2} - 2_. k,{k, + 1) + ^2(^2 + 1) hih + 1) + /2(/2 + 1) ^ ^^+1 

x{kik2hl2;PiP2) ,v 

^ lTI ^^-^^ 

where we have used the asymptotic behaviour of the 6j symbol for very large angular momentum 



^ = f given by [23]^ 



P2 k2 ^2 (CfeWao)^ 



L L L 
2 2 2 



{L + l){2p2 



+ ... (5.5) 



Since R + pi + p2 must be an odd number ( coming from [1 — (— 1)^+pi+p2] ^ -^g qq^^l conclude 
that pi + ki + li is also odd because p2 + ^2 + h must be even from the properties of the 
Clebsch-Gordan C^2W20 • 

Furthermore in this large planar limit we will identify any angular momentum j2 on the 
second fuzzy sphere with the corresponding linear momentum Pj^ on the noncommutative 
plane by the relation ^2(^2 + 1) = -^^-Pj. ^ ^^-^h- ^ consequence all angular momenta 
P2, k2 and I2 on the second fuzzy sphere can be assumed in this planar limit to be very large 
compared to 1. Quantum numbers on the first fuzzy sphere are defined by a similar formula 
Mj, + 1) = R'PI 

Since we will take the planar limit of the second fuzzy sphere in such a way that we will 
have a strong noncommutativity parameter while we will take the continuum limit ( then the 
ordinary flattening limit ) of the first fuzzy sphere, wc need to manipulate momenta on the 
two spheres differently. In the first stage we will fix the first fuzzy sphere ( in other words we 



^Note that compared with [23] the leading behaviour of the 6j symbol is taken here to be proportional to 
+ 1) instead of 1/L for convenience. This difference is clearly unimportant in the large N limit. 
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will fix the planar momenta Pj-^ ) so the effect of the limit on this sphere can be undone at 
the end while on the other hand because 0<Pj^<l /9' we can see that planar momenta Pj^ on 
the second fuzzy sphere approach as 1/ V¥ which will simplify our integrals considerably. In 
the second stage we will take the continuum limit of the first fuzzy sphere then the ordinary 
flattening limit so we end up with x Rg. We will also comment in the next section on the 
noncommutative planar limit of the first fuzzy sphere in which we end up instead with the 
space Rg X Rg. 

All angular momenta p2, k2 and I2 on the second fuzzy sphere are very large compared to 1 
and thus we can approximate the square of the Clebsch-Gordan Cg^^o^ by 



(5.6) 

Let us also remark that from the properties of the Clebsch-Gordan coefficients we know that I2 
must be in the range ^2 — P2<^2<^2 + P2- Hence the sum over I2 in / with x equal to the first 
term in (15. 2p will be given by the integral 

'y^' 2/2 + 1 ^ /-'^^^^ ^[^2(^2 + 1)] 

i^,, v-ki - II -pi + ^kiq + 2P2PI + ^iIpI A2-P2 v[^i-{k2+P2mk2-P2y-p2] 

{PU,+PP2? dP? 

'2 



iP^.-p..)^ ^[Pl - (P., + P,2)^][(^;c2 - P,.? - PI] 



^y xiAPk^Ph - X) 

= TT. (5.7) 

In above we have used j = VONPj + ... with corretions which go to with — >oo. This result 
is independent of k2 and hence the extra sum over k2 in I will lead to 

^ 2A:2 + 1 [7 dPl dy 

2^^k2{k2 + i) + k,{k, + i) Vo Pl + Pl Vo y + o'Pl- ^'-'^ 

Let us recall that Q<0' P^^^X from which we see that the range of Pk^ shrinks to and hence the 
integral is dominated in this limit by the value P^^ = 0. The above sum ( which is proportional 
to the contribution to / coming from setting x equal to the first term in (15. 2p ) is equal 



^^k2{k2 + i) + k,{k, + i) e'PiJ- 



•^This is the probability to couple the angluar momenta k2 and I2 with projections equal to give the angular 
momentum p2 with projection equal 0. 
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In this equation we have also used the hmit Q' — ^oo keeping P^^ fixed. Finally we need to multi- 
ply this result by the factor -(A;i(A;i + l)-/i(/i + l)-pi(pi + l))(l-(-l)'=i+'i+Pi)/(7riVpi(pi + l)) 
in accordance with equation fl5.4p to get the full contribution to / coming from setting x equal 
to the first term in (15.21) . 

In this strong noncommutativity planar limit of the second fuzzy sphere the UV and IR 
regimes on the corresponding noncommutative plane are one and the same if we choose not 
to use dimensionless variables. The UV regime should thus be defined by the momenta which 
are such that Q' P^^ — ^1 whereas the IR regime should be defined by the momenta for which 
^'P^^ — s>0 otherwise there will be no distinction between these two regions. Everything is 
measured here in terms of the noncommutativity parameter Q' . 

The sum over I2 in / with x equal to the second term in (15. 2p will lead on the other hand 
to a vanishingly small contribution in the limit. Indeed this sum is given by the integral 



1 /■'^+^^ #2(^2 + 1)] fc2(fc2 + l)-/2(^2 + l) 

2A,-p, - (A;2 + P2)2][(A;2 - J92)2 - /i] hilx + 1) + /2(/2 + 1) 

+ ^i^^i r 1 (5 10) 



The sum over k2 is given by the integral 

V ^^^ + ^ f(P^ ) = ^^"^ fiP^ ) = C f (^) (5 11) 

2^^k,{h + i) + h{k, + iy^ io Pl + Pl/^'^^ Jo y + o'Pi/^9'>- > 



The function / from (15.101) is 



_ n , e'P^^+y dx 



2 2 J_, ^l^e'Pl+y + d'P^^-2^P, 



p^X 



^ Pp2 
^Pl.+Pp\ 

ttP? 



P2 



'^Pl 



+ ... (5.12) 



In above we have used again the limit O' — >oo then we used the fact that the momentum P^^ 
on the first fuzzy sphere is fixed wehereas the momentum Pp^ on the second fuzzy sphere is 
such that 0<Pp2<l/6'' and thus it goes to zero as l/\/W . We obatin then 

equation ^ = (5.13) 

ki h 

We can check that this yields zero contribution to / because of the factor /i(/i + l) — A;i(A;i + 1) in 
the second line of (15. 2p . This is expected since for h = k2 { which is the value which dominates 



17 



the sum over I2 ) the second term in fl5.2p is zero. This is also expected from the fact that if 
we set P2 = then we must have I2 = k2 and hence the second term in fl5.2p vanishes. 

Therefore the sum / will be dominated in this limit by the part with x equal to the first 
term in (15. 2p which is given by equation (15.90 x — (fci(/ci + 1) — + 1) — pi{pi + 1))(1 — 
(—1)^'^'^'''^^^^) / {N7cpi{pi + 1)) in accordance with equation (15. 4p . This yields the difference 



0,{p^,p.)-0M,P2)pM + l) = -4L(L + 1)^ Vr!^^! - (-^)'^^'^ 



X 



2 



Pi h h 1 hih + 1) - hih + 1) - piipi + 1) 



L L L 
2 2 2 



Pl{pi + 1) 

(5.14) 



By using the result of [12] we can do the remaining sums over ki and li to obtain 



0^{pi,P2)-0^{pi,P2)pi{pi + l) = 8L(L + 1). (5.15) 

Similarly we can compute the double sum (I4.17P in this planar limit by first converting the sum 
over k2 into an integral and then performing the sum over ki. The result is as follows 

-4c2 = -8L(L + 1). (5.16) 

Therefore we see that in this limit 



04(^1,^2) - 03{pi,P2)pi{pi + 1) - 4C2 = 0. 



(5.17) 



The effective action in this noncommutative planar limit on noncommutative x Rg ( the 
first sphere is still fuzzy ) becomes manifestly gauge- covariant given by 



1 O4 4L(L + 1) 



2 Ai 



Ai 



Of 



7(1) 

ab 



IO4 _ 4L(L + 1) 
2 A^ A^ 



- 2TriFf)O^F 



.(12) 



(5.18) 



For completeness let us also discuss what happens to (9^ in this noncommutative planar limit 
of the second fuzzy sphere. The relevant integral over k2 and I2 is given in this case by 



Ipikih^Pm) 



1 



L 

2iW 

-11- 

2^ 



ifei+«i+Pii 



+1 



dx 



1 



[1 



\ki+li+pi] 



PI + PI y_i pf, + PI + p',. - 2Pk,pp.x 
1 



\ki+h+pil 



1 

' ki{ki + l)h{h + 1) 
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+ 



+ ... 



(5.19) 



In above we have again neglected corrections proportional to the external momentum Pp^ since 
it goes to in this limit as The remaining sums over ki and li are done in [12] where 

we found the result Op — >0 in the continuum limit of the ordinary sphere. Hence the effective 
action becomes on noncommutative x Rg given by 



(1) 



1 O4 _ 4L(L + 1) 
2 



7(1) 

ab 



IO4 _ 4L(L + 1) 
2 



Ai 



(5.20) 



The two quantum contributions ( the second and third terms ) are non-zero gauge invariant 
corrections to the classical action which shows that the quantum theory of U{1) fields on 
noncommutative x Rg is a non-trivial theory as opposed to the quantum theory of U{1) 
fields on commutative x R^ which is trivial. This indicates the presence of a UV-IR mixing 
phenomena in this model. 

Finally we need to compute 04 by converting the sums over k2 and I2 into integrals using 
the large 9' limit, then performing the remaining sums over ki and li. In this case we have 



vriV' 
[1- 



-1) 



-1 



+ 



+1 



dx 



1 



X' 



2p2 



p2 



p2 

P2 



Again we have neglected subleading corrections which are proportional to Pj 
ing the sums over ki and li yields the answer 



P2- 



4L(L + 1) 

a; 



4L(L + 1 

Pi{p 



L + l)^l 
1 + 1) ^ A;' 

^ ^ k=2 



(5.21) 
Finally perform- 

(5.22) 



The flattening limit of the above action is straightforward and we can immediately conclude 
that the U{1) theory on noncommutative x Rg is non-trivial as opposed to U{1) theory on 

i?2 X R\ 



6 The beta function and the planar limit x 

Let us explain the point about the UV-IR mixing further by taking the planar limit of the 
first fuzzy sphere in computing the operator O4 so we end up with R^ x Rg instead. Modulo 
the terms involving Op ( which need to be recalculated ) the above action fl5.20p is still valid 
in this different limit. Now from the other expression of 04 found in the appendix we have 



04(^1,^2) 



Pi 

ki 



(2A;i + l)(2A;2 



/ci(/ci + l) + A;2(/i:2 + l) 



L 
2 
L 
2 



L 
2 
L 
2 



P2 
k2 



L 
2 
L 
2 



L 
2 
L 
2 



1 - 



\fel+fc2+Pl+P2 



(6.1) 
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The first term inside the bracket results from performing the sum over li and I2 in (14.271) with [1 — 
(_]^)^?+pi+P2j replaced with 1; this is the planar contribution to the diagram. The second term 
in the above formula results on the other hand from performing the sum with [1 — (— 1)^+Pi+P2j 
replaced with — (— 1)^+pi+P2; this is the nonplanar contribution. In the commutative these two 
contributions are equal and hence they cancel each other. 



As it turns out we can use in the large L limit 
approximation used in [13], namely 



for pi,p2 « f and 0<ki, k2<L ) the same 



Pi f 



To obtain 



L 

2 

L 

2 



iL+pi+fci 



L + 1 



2^. 
L2 ' 



P2 f 

k2 ^ 



L 



-Pp2( 



Oi{pi,P2) 



Pp are the Legendre polynomials, 
tions used in [13], viz 



PI + PI 



29 



29 



PvA^-j;Pl)PvA^-^Pl) 



(6.2) 



(6.3) 



For pi» 1 and 6''P|^ << 1 we can also use the approxima- 



29 



Pi) 



Jo{29Pp,PkJ + 



2n 



(6.4) 

By rotational invariance we have 9P^^B^^Pl^_^ = 9Pp^{Pk^cos(t)i) ( with B12 = —I ) where we have 
chosen the 2— dimensional external momentum Pp^ to lie in the y— direction and 0i is the angle 
between the internal momentum P^^ and the Thus we obatin ( with d'^Pk^ = Pk^dPk^d(j)i 

and d^Pfca = Pk^dPk^d(j)2) 



Oi{pi,P2) = ^ 



d'^Pkid^Pk2 



p2 , p2 



^ _ ^2ie[Pj,^BPk^ 



(6.5) 



The second term is precisley the canonical non-planar 2-point function on noncommutative Rg 
with Euclidean metric Rg x Rg whereas the first term is the planar contribution. Two important 
remarks are now in order. 1) The external legs of this 2-point function are two curvature tensors 



F^^ for the third term of (15.201) and one curvature tensor F'^^' and one gauge field eabc^c^' for the 
fourth term of (I5.20p . 2) These contributions are not necessarily identical to what we usually 
obtain on noncommutative Rg. This is not surprising since we obtained this noncommutative 
Rg in a very special way by scaling fuzzy x S^. The scaled commutation relations can be 
checked to be those of noncommutative Rg. The structure of the phases indicates also that 
we are indeed dealing with a noncommutative Rg. Comparing (16. 5p with the first equation of 
section 4.D of [8] we can see that (16. 5p corresponds to the second term of that equation which 
is proportional to the metric r]ij. 

The above integral shows a divergence at zero momentum. This is only an artifact of the 
approximation used above. The regularized value of O^^ is given by (15.220 . If we take the planar 
limit of the first fuzzy sphere by rewriting this result as 



(1) 



10, 



4L(L + 1) 



Ai 



Q'p2 

pi 



In 



P\Ppi I 



(6.6) 
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Then We recover the usual logarithmic divergence when R — >0 ( i.e 9' — >Q ) or equivalently 



The renormalized U{1) gauge coupling constant g^{P) ( which is obviously momentum 
dependent ) can be easily read from the above discussion. We obatin immediately the formula 

1 1 (6.7) 



%2(p) 4g2 0'p2 

P is the momentum on the first NC plane which is in the range 

O<0 P2<x Looking at high 

momenta /i^ in the UV region near the cut-off l/O' we can see that In is approximated 
by 2 In ^^-^ and hence in this regime the above formula reduces to 

' -^^2,.!^ (6,8) 



or equivalently 

= -Sg'if^) (6.9) 

This is ( upto a multiplicative factor ) the same beta function derived for noncommutative U{1) 
gauge theory in [7, 24] . The most important things are the negative sign and the cube power 
which come naturally out of the model. Thus the strong noncommutativity limit considered in 
this note captures already most of the essential feature of noncommutative U{1) gauge theory on 
Rg. This also shows explicitly how large N fuzzy x acts as a regulator of noncommutative 
R^. 

Restoring 5*0(4) covariance is straightforward. We only need to consider a background gauge 
configuration with both A^''^ and A^a^ non-zero. There will be extra terms to be computed in 
the effective action but fortunately all of them ( even those which mixe Ai') and Ai') ) are of 
the same strucutre as those already considered in this article. See the effective action (14.71) . 
Their analysis will be therefore easy and there will no additional physics to be learned from 
this calculation. 

The last point is with regard to the mass terms in the original model (12. 2p . In two dimensions 
the presence of such terms with m — i>oo causes the UV-IR mixing to disappear. Loosely 
speaking this can be traced to the dimensionality of the space. As we have already explained the 
effect of these terms in the large mass limit is only to project out the scalar normal components 
from the theory and hence effectively reduce the three dimensional trace in ^Tr^TRlogQ to 
a two dimensional trace. Taking also the ghost contribution —TRlogV^ into account we see 
that the effective action will only consist in terms depending on the curvature which as we have 
shown in [12] go to zero in the limit anyway. This scenario does not happen here in 4 dimensions 
for the obvious reason that we have in this case the gauge contribution ^Tr^TR log Q while the 
ghost contribution does not change and it is still given formally by —TRlogV^ . See equation 
(14. ip . Thus with the presence of the mass terms ( even if we let the mass goes to infinity ) we 
expect the UV-IR mixing to persist in 4 dimensions as opposed to 2 dimensions. 
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7 Effective potential on x and topology change 



Let us redo the calculation of the effective potential on fuzzy x done originally in the 
first reference of [5]. In here we will also consider the case when the two spheres have different 
radii and hence the configurations of interest are given by 

^i^^=0l4^ = 024^^- (7.1) 

The starting point is the effective action (14.11) with ^ = 1 and m small. After some calculation 
we can show that the value of the effective action in these configurations is given by 



effl 



+ 



+ 



L{L + 2) 
L{L + 2) 

2TRlog 



'hi - i, 

3 

3 



m 



+ 



+ 



(7.2) 



The only interaction between the two spheres is in the quantum contribution. 

There are several possibilities to be considered here. First of all if we insist on the full 
50(4) rotational invariance then we must set 0i = 02 = (p. In this case we can compute that 
the above potential will admit a stable minimum ( in other words a solution (p to the equation 
of motion wille exist ) for all values of which are less than the critical value ( see the first 
reference of [5] ) 

+ 



2 r 2| 



gtL 



m 
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(7.3) 



Below this value we have 0~1 ( "the fuzzy x phase ") whereas above this value we have 
— >0 ( "the matrix phase" ). In the fuzzy x phase the field theory is a f/(l) gauge theory 
at least in the very weak coupling region. We suspect that the gauge group structure inside the 
fuzzy X phase will change at some point ( which means another phase transition ) from 
U{1) to U{{L + 1)^) in analogy to what happened on a single fuzzy sphere where the gauge 
group changed from U{1) to U{L + 1) inside the fuzzy sphere phase. Indeed the dynamics 
inside the matrix phase is given by a U{{L + 1)^) gauge theory on a point so the expectation 
that the gauge group will change inside the fuzzy x at some coupling before we reach the 
matrix phase is natural. The most important point in all this physics is the topology change 

X — >{0} which seems to be related to the UV-IR mixing phenomena. 

But there is more. If we do not insist on S0{4) rotational invariance then we can consider 
the configurations with 0i = 1 and 02 = ( or the other way around ). Then similarly to above 
we can compute that the potential will admit a stable minimum for all values of g^ which are 
less than the critical value 



m 



32 



(7.4) 
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This is half the original value g'^L'^li- Below this value we have again "the fuzzy x phase 
" where whereas above this value we have (j) — >0 which is now a "fuzzy phase ". The 
topology change here is seen to be x — ^S^. 

Putting the two facts together we have the following picture. For values of g below g^\2 we 
have a fuzzy x while for values of g between g^\2 and g^,\i we have a single fuzzy sphere 
and for values of g above g^\i we have a single point. Thus the topology change obtained in this 
model is x — )-S^ — *'{0}- Remark that the critical values become large for large values of 
the mass m which makes the transitions and as a consequence the topology change harder to 
reach from small couplings. 

8 Conclusion 

In this article we have calculated the one-loop quantum correction of U{1) gauge fields on 
fuzzy X S^. In the large N planar limit we have shown the existence of a gauge invariant 
UV-IR mixing. We have also computed the beta function. In the strong noncommutativity 
limit considered here most of the essensial features of noncommutative U{1) gauge theory on 
the Moyal-Weyl Rg emerged. In this sense we have explicitly shown that large N fuzzy x 
can be used as regulator of gauge theory on Rj. 

In this model we have also shown from the computation of the effective potential the exis- 
tence of ( first order) phase transitions 1) from fuzzy x to and then from to a single 
point ( matrix phase ) or 2) directly from fuzzy x to a matrix phase. This last transition is 
also rotationally invariant. We argued that this topology change is related to the pcrturbative 
UV-IR mixing. This picture seems to be consistent in 2 dimensions. The transitions can be 
removed if we take the mass of the normal scalar fields to infinity however the UV-IR mixing 
in this case ( as opposed to 2 dimensions ) persists. 

Since one of our main goal is to have a nonperturbative regularization oi U{1) gauge theory 
in 4 dimensions we must find a way to get rid of ( or at least understand better ) the UV-IR 
mixing and the matrix phases. The inclusion of fermions in this model is a very important 
issue since it would give us a nonperturbative approach to QED ( or QCD for higher gauge 
groups ) . We also think that adding fermions will remove to a large extent the topology change 
observed in this model. Fuzzy perturbation theory involving fermions will be reported hopefully 
soon [11]. 
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A Fuzzy perturbation theory 

The tadpole diagram We will use the following identities 

[iVfcini;fc2n2) 3^/imi;;2m2] — ^fci wi fcwa;^! mi fem2^;-^m-^:fomo 

lams I'^rn'^ 

= (L + 1) V(2ii + l)(2/2 + l){2ki + l){2k2 + 1) 

hmsi'^m'^ '-222 

R = h + h + k2 + k, (A.2) 

and 

[-^M^^'^lml;^2m2] = a/M^TTI) 

^hmi l/j, yiimi+iJ,;l2m2- (-^-3) 

A straightforward calculation yields 

laik^n„k2n2)^r^{-lr E + 1) + hik + D ^t"m.\t^^S.Tn2;rm..2m2- (A-4) 

hmi,l2m2 

The coefficients 77^ satisfy 77^77^ = (— l)^(5ju+,^,o, a = 1, 2, 3, = 0, +1, —1. The sums over nii and 
7TT.2 can be done using the identities 

^^h-Zlli^^k^lhmi = ^ 5fcil5ni -M > Ck^lhmo. = (2^2 + l)420^n20- (A. 5) 

mi mo 



mi m2 

We find 



T 

where 



'a{kini, k2n2) - ^^^(-I)^^fci,l^fc2,0^ni,-M^n2,0 X] ^ (/^^+^)^+^/^(/^+ 1) V'^l + l)^ii/2. (A.6) 

ll,l2 ^ 2V 2 



= 2(L + l)v/3(2l7TT)(2l^Tl)(-iy^+'^| 





h 






/2 




{i 


L 






L 




k 2 


2 


2 J 


I. 2 


2 


2 J 
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where we have used the two 6j symbols 

I h h\_ (-i)^+'i+v/i(/i + i) / k i2\_ (-1)^+'^ 



f f f J V^(L + l)(L + 2)(2/i + l) ' I f f f i V(^ + l)(2^2 + l) 



(A.8) 



Hence 



iJhnuhu,) = - ^^^^^ ^ ^.^ vS(-irh,,h.,Ku-.K.,tt 1) ''"' + ^' 

= -^^^,;(-l)''4„,ifc,„i„,^„i„,o. (A.9) 
The Tadpole diagram is therefore given by 



, (i-+ir-i 

L(L + 2) 



(A.IO) 

The 4— vertex correction We can immediately compute 

;fe2n2 ) 3^iimi;/2'^2j — 

mi,m2 

^ ^ ^ fc^n'ifc2n2.^i-"^i'2-ni2 kinik2n2,limil2m2- V ■ 7 

The sums over mi, m2, mlj and mjj can be done using the identity 

I ^) pimh-mi'^ P2n2hmi {2pi + l)(2p2 + 1) "piP2"ni,-n2 

(A.12) 

We obtain ( with 6,,. = and R = h + h + h + k,) 

-2(L + lf(2/i + l)(2/2 + lK,. 5^(2^3 + 1)(24 + !)(!- (-1)^+^3+4) I \ \ x 



'3, '3 

^2 ^2 ^3 

L L L 

2 2 2 



(A.13) 
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or equivalently ( by using identities 5.2 and 5.3 of [12] ) 

1 , . . o r h 



L L 
i? J '^ '1 2 2 

h 



-(-1) ^ , L L 



2 2 



The 4— vertex correction is therefore given by 



U L L 

1^2 2 2 

I L L 

'2 2 2 



(A.14) 



(A. 15) 



where 

04{P1,P2) 



PlSl,P2S2 



fcl,fe2 



(2A;i + l) (2^2 + 1) 



/i;i(/i;i + l) + /i;2(/c2 + l) 



1 - (-l)'^i+*^2+Pi+?'2(L + 1)^ 



f Pi 


L 
2 


1} 


f P2 


L 
2 


t}] 




L 
2 


2 


I A;2 


L 
2 


2 J 



4rr , n2 (2fci + l)(2/c2 + l) (2/, + 1) (2/2 + 1) . _ , 

^^^^^^ ^ 1^ ^ iw,a, ^ 1^ ^7„r7. ^ IV ^ ^ ^ 



X 



2 2 

Pi fci ^1 \ / P2 h h 

L L L [ \ L L L 

2 22>''~2 22 



kl{h + 1) + /i;2(/i;2 + 1) ^l(^l + 1) + ^2(^2 + 1) 
(/l(/l + l) + /2(^2 + l)). 



(A.16) 



(1) 



The F— vertex contribution The 3-vertex correction corresponding to the curvature F^^ 
is given by 



EE 



"^^lFq^^ [3^feirai;fc2n2! yiim-id2m-2p^'^ LFab [3^/imi;i2m2 ) -^fcini;fc2n2] 



(A.17) 



[ki{ki + 1) + A;2(A;2 + l)][/i(/i + 1) + /2(/2 + 1)] 
In above the notation is A; = (fcini, k2n2), I = (/ir«i, 121^2) ■ We need to compute 

^'"l/3^pisi;p2S2 [3^fcini;fc2n2 ) 1— ni;fe2- 



E E (-1) 



'ii+?J2+mi+m2 



ni,n2 mi,m2 



E E (-1)' 



[ill*:, + 1) + *2(*2 + + 1) + hih + 1)1 

^_-|^^Sl+S2+tl+t2QPl~'SiP2-S2 ^ Qqi-tl?2-t2 



n\,n2 mi,m2 



[ki{h + 1) + A;2(A;2 + l)][Zi(Zi + 1) + ^2(^2 + 1)] 



(A.18) 



By observing that ^l\nllTn2■h-n^,h-n^2 = Vkl^hi2^lln'h-rn^^kln2h-m2^ ^'^^^ obvious def- 
inition for Q and then using the identity 

E cz.:u.c^:m:k-nA-^r''"'' = (-iy%,,,5,,,_,, (a.i9) 
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we obtain 



r kik2;lih lih\kik2 _ r)/7- , -|\2r 

Mh + i) + hik2 + i)]Mh + i) + kik + i)]~ ^ ^ 



X 



Mki + 1) + k2{k2 + l)][/l(/l + 1) + kik + 1)] 





/l 


i'l'l 




h 


?| 




L 






L 




l~ 2 


2 




~ 2 


2 


2 J 



(A.20) 

Hence the F- vertex correction is equal to 



TR^:F^^^:F^a^ = E (-l)"^"^i;\Pl^lP252)Fi;^(pi-5lP2-.2)OF(pi,P2), 

(A.21) 

where 



n n) = 2(T I W ^^^^ + ^^^^^^ + ^^^^^^ + ^^^^^^ + 
^^^''^'^ ^ ^ ^^^Jk,{k, + 1) + k2{k2 + i)]Mh + 1) + kik + 1)] 







^ 2 


r ^2 


^2 






L 




1 - 


L 




y. 2 


2 




L 2 


2 


2 J 



X [1 - (-1)^+^^+-] I I - 7 } ^ - 7 ^ . (A.22) 
The 3— vertex correction This is given by 

..ntr2n2.i:.2 [M^, + l) + ^.(^. + l)][M/l + l) + M^2+l)] ■ 

(A.23) 

We compute 

(-l)^Tr^[L«,3^,,„,;,,„,][AL^i,J'+m,;/2m2] = E ^-i(Pi^iP2^2)(-l)"^^+"^^(-l)^^+"Vfci(fci + 1) 

P1S1,P2S2 

Qfeife2 ^kini+^i^ki—ni—^i ^k2-n2 
PiP2,hh kinil/i ^piSili-mi^p2S2l2-rn2 

91*1,92*2 

y Qili2 f^hmi+u f^h-rni-u y^l2—m2 (\ nA\ 

^ "9l92,fcifc2^hmilv '^qitiki-ni'^q2t2k2-n2 V^-^^J 
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and 

X C':tXm2- (A.25) 
The sum over n2 and m2 can be done using the identity 

E^k2-n2 ^i2-m2 _ a/(2A:2 + l)(2/2 +"T) ^ ^^k2+i2+s2^ A ( \ oa\ 

^P2S2l2-m2^q2t2k2-n2 — 2» + 1 '''?2P2"t2 l^/\.ZUJ 

n2,m2 

whereas the sum over ni and mi can be done using 



(A.27) 



where /i is the function which appears in the single fuzzy sphere case in equation (C.9) of [12]. 
Exphcitly it is given by 

fi{hlmsiqih;^i,u) = ^k,{k, + iMh + l)(2pi + l)(2gi + l){2h + l)(2/i + 1) J] C.^'^^i^C^Jj; 



1 k ki \ [ 1 k li 



The first term of flA.23P becomes 

PiSi,P2S2 qih 

(2A:i + l)(2A:2 + l) (2/^ + l)(2/2 + 1) _ , .^K+p.+p^iM _ (_^^R+q^+P2^ ^ 

^^^^ hih + 1) + k^ik^ + 1) hih + 1) + kik + ly ^ ' ay) J 



Pi ki h \ j qi ki h \ j P2 ^2 k 

k k k \ \ k k k \ \ k k k 
2 2 2^1-2 2 2''v2 2 2 



fiikihpisiqiti, /i, z/). (A.29) 



Next we compute the second term of (1A.23I) . The sum over rii and mi will now be done using 
the identity 

{2ki + l)(-l)*i+''/2(A;i/iPiSigiti; /x, 

) krn.l, k,-n,lu q^t,l,rm " fci (fci + 1) ^(2^1 + 1) (2gi + 1) 

(A.30) 
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where /2 is the other function which appears in the single fuzzy sphere case in equation (C.14) 
of [12]. Exphcitly it is given by 



f2ihhp^s^q^tu^^,u) = hih + l)(2A:i + l)y/{2p, + l)(2gi + 1) i^C^J^^". 

km 

We obatin the same result (1A.29P with the replacement /i — >(— l)'^2+«2+P2y2 and hence the full 
3— vertex correction will be given by 



SI+S2 + U ^ 



Pisi,P2S2 qih 

(2A:i + l)(2A:2 + l) (2/, + l)(2/2 + 1) .^«+p.+P2l^ f n^i+.i+P^i ^ 



^ ^ , , A;i(A:i + 1) + k2{k2 + 1) + 1) + hih + 1) 



k k k \ \ k k k \ \ k k k 
2 2 2'''-2 2 2'''-2 2 2 



X 



(^\{hkViSiqiti, /i, i^) + {-lf'^''^'"f2{hkViSiqiti; /i, z/)) . (A.32) 

Let us remark that we must have the conservation laws R+P1+P2 = odd and R + qi+p2 = odd 
and hence we must always have pi + qi = even. In fi and /2 the angular momentum k can 
only take the values k = pi,k = pi + 1 and k = pi — 1 or equivalently k = qi,k = qi + 1 and 
k = qi — 1. Thus there is only one term in /i + (^—l^^2+h+P2 which qi = pi given by 

+ + l)(2j9i + l)(2gi + l)(2fci + l)(2/i + 1) I ^1 ^1 I I I - 

A:,(A;, + l)(2A:, + l)v/(2pi + l)(2g, + l){ } | ^1 } ) i.^^^.^.TA... 

(A.33) 

This term leads to the contribution ( by using the tables on page 311 of [23] ) 

E ^^'i(Pi^iP2^2)AS(Pi -m-up2- ^2)(-l)^^+^^+^C7;;- + l)OM,P2) = 

piSl,p2S2 

(A.34) 



29 



where 

03to,K) = -ML + 1) L L + 1) + k,(k, + 1) Mi. + 1) + h(.k + 1) 

ki,k2 11,12 

Pi h h \^ ( P2 h ki{,ki + l){li{li + l)-ki{ki + l)) 



X [l-(-l) 



R+P1+P21 



2 22)^2 22 



(A.35) 



The remaining terms has the structure 
where 



1 pi ± 1 A;i 



X 



V±ikih;piqi) = ^{2pi + l)(2gi + + l)(2A;i + 1) 

yMi:TWTy{ ^; ^/^^ } WM*. + i)(2i..-.i){ ^^^i ^ })■ 

(A.37) 

We have the final contributions 

E E^-'i(Pi^iP232)AL^i(gitiP2 - ^2)(-l)^^-^^^+^C'^^fi;C^,^,tL-™S±(pi,p2^ (A.38) 

PlSl,P2S2 51*1 

where 

s = 2(1 I W ^^^^ + ^^^^^^ + ^^^^ + ^^^^^^ + 

^ £^^£^A;i(A;i + l) + A;2(A;2 + l)/i(/i + l) + /2(/2 + l) 

1^2 2 2>'l^2 2 2>'l^2 2 2^ 

(A.39) 

It is not difficult to show that the contributions (]A.38P will involve anticommutators between 
A^a"* and lI^'' instead of commutators. Hence it is of the same type as the scalar action 

TrL[La,Aa]l (A.40) 

Indeed we have shown in [12] that flA.38P ( or more precisely the analogue of flA.381) for a single 
fuzzy ) is the sum of four terms each of the form 

Following the same method used in reference [12] we can give explicit expressions for the 
operators Vi and Ajj by comparing (1A.38I) and ( 1A.39I1 from one hand and (1A.41I) from the other 
hand. 
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